arXiv:1501.03444vl [math.CO] 14 Jan 2015 


YAK 519.714 

CjIO>KHOCTb ^H3TK)HKTHBHbIX HOpMaJIbHbIX (J)OpM H 
nojiy-3cj)cJ)eKT UleHHOHa b HexoTopbix no^Kjiaccax OyjieBbix 

(J^yHKpHH. 

C. C. rpaHHH K). B. MaKCHMOB* 

MOTH n P eMoJIa6 MOTH h HnnH PAH 


AHHOTail,HH 

B pa 6 oTe paccMaTpiiBaeTca 3apaaa riocTpoemiH MiiHHMajibHbix h KpaTaaiinmx phs'biohkthb- 
Hbix HopMajibHbix (J)opM 6 yjieBbix c^yHKpira c orpamiHeHHbiM hhcjiom. B cjiynae nojiHHOMHajibHO 
orpamiHCHHoro MHoacecTBa Hyjieli nojiyneHM HOBbie peKoppHbie HHJKHHe opeHKH cjiojkhocth no- 
HTH Bcex (J)yHKIl,Hft COOTBeTCTByKJipHX KJiaCCOB. YKa3aHHbie opeHKH H B COHeTaHHII C H3BeCTHbIMH 
paHHee BepxHHMH opeHKaMii no3BOjiHioT ycTaaoBiiTb tohhbih nopapoK pocTa cjiojkhocth AHO 
GyjieBbix 4)yHKU,iifi c He 6 ojiee neM nojuiHOMHajibHbiM hhcjiom Hyjieft. B pa 6 oTe TaKsce CTaBHTbca 
Bonpoc 06 9(J)4)eKTe UleHHOHa b cooTBeTCTByioipHX MajioMy T iHCJiy nopKjiaccax c|)vhkii;hh. 

KjiiO'iCBbie cjioBa: 3apaaa noKpbmin mhojkcctb , 6 yjieBa (jiyrrKiurH, pH 3 r bK>HKTHBHafl HopMajib- 
Haa (J)opMa, cxeMHaa cjiojKHOCTb. 


1. BBe^eHHe 

n P H pemeHHH papa coBpeMeHHbix 3apan pucKpeTHofi MaTeMaTHKH h HHc[)opMaTHKH, TaKHx xax no- 
CTpoeHHe scp^eKTHBni^x SAT -cojiEepoB hjih pemeHna IVP-TpypHBix 3apaa o noKpbiTim mtiokcctb, 
aacTo B03HHKaeT sapana pememiH SyneBBix ypaBHemifi HejibcoHOBCKoro rana, npepcTaBHMBix b Bupe 

n^=o. (i) 

i=l 

rpe Kaxcpaa H 3 4 )°P M y 3 T Hap npocTpaHCTBOM SyneBBix nepeMeHHBix x\, X 2 , ■ ■ ■, x n 3 anncaHa b Bnpe 

Fi — \/ X T PJIH HeKOToporo / C [n], 

iei 

*HccjiepoBaHiie BbinojiHeHO npii cj) hh a h co b o h nopn,ep>KKe POOH b paMKax HayHHoro npoeKTa N a 14-07-31277 
MOJi_a; a TaKsce npii HacTiiaHoii noppepatKe Jla6opaTopmi CTpyKTypHbix MeTopoB aHajiH3a paHHbix b npepcxasa- 
TejibHOM MopejiHpoBamra OYnM MOTH, rpam npaBHTejibCTBa PO ;i,or. 11.G34.31.0073. 
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0,z];hhm H3 Handojiee HHTepecHBix cjiynaeB yxasannoH nocTaHOBXH hbjihctch cjiynafi, b kotopom 
cyipecTBeHHaa nacTB c}whx tt hh Fj oTBenaeT (JiyHxpHiiM odpamaiomHMCH b hojib b e^HHCTBeHHofl 
TOHXe. 

B odrpeM cjiynae yxa3aHHaa 3a/ia T ia cbo^htbch k Tax Ha3biBaeMOH aa/puie HcxjiioHeHHH Hyjiefi H3 
^H3 TdK)HKTHBHOH HOpMajIBHOH cjlOpMBI (^HO), OTBeHaiOrpeH HaCTHHHOMy npOH3Be^eHHK) 4)yHKH,HH 
Fi,i G /. B HacTOHipefi padoTe dynyT nojiyneHbi moKHne opeHXH h cjiojxhocth cjiyHxpHH, npeBocxo^H- 
iipie, b onpe,n,ejieHHBix cjiynanx, H3BecTHBie paHee, b nacTHocTH ( ^bhxohob 2001 , ZIhhkohob 2 002) . a 
TaioKc ( Mubayi, Turan, and Zhao 20 06 ZKypaBjieB and KoraH 1985 ZKypaBjieB and KoraH 1986 ), 
(IKoraH 19871 IMaxcHMOB 20121 IMaxcHMOB 20121 IMaxcHMOB 2013 ) n ^pyrne. 


2. CTpyKTypa pa6oTbi 


B nepBoii nacTH padoTBi paccMaTpiiBaeTcn odirpiH mcto/i nocTpoeHHH bbicokhx hhjxhhx openox phxb- 


IOHKTHBHBIX HOpMajIBHBIX cjlOpM dyjieBBIX (JiyHXpHH, 3ajIO>KeHHBIH B padoTe ( ^BHXOHOB 20 01]) H pa3- 
bhtbih b padoTax ( MaxcHMOB 20121 : MaKCHMOB 2012 : IMaxcHMOB 201311 . 

CyTB MeTopa coctoht b reoMeTpHHecxoM aHajiH3e hcxophoh dyjieBOH cjiyHxpHH. A HMemio, npo- 
djieMa nocTpoemui npocTon cbophtbch k sapane nocTpoeHHH noxpBiTHH He Bcero MHoncecTBa 

Tonex, oTBenaioipHx epumipaM paccMaTpHBaeMOH cjjyHxpiiH, a HexoToporo ero nopMHoxcecTBa MajioH 
moiphocth. B cjiynae, ecjiH ypaeTCH BBipejniTB nopMHOxcecTBO pjni noxpBiTHH xoToporo, npn ycjio- 
bhh ero HedojiBHiofi moiphocth, HeodxopiiMo pocTaTOHHo dojiBHioe hhcjio xohhiohxphh, to yxa3aHHBiH 
MeTop no3BOjineT nojiynaTB HHxaiHe opeHXH cjiojxhocth cyrpecTBeHHO npeBocxopmpHe HMerorpHecn 
MeTOpBI. 

B cjiepyioipeH nacTH hhmh npHBopHTBcs od3op H3BecTHBix pe3yjiBTaTOB, xacaioipHxcH noBepeHHH 
THnHHHBIX H 3XCTpeMajIBHBIX no CJIO/KTTOCTH (|>yHXpHH, B 3aBHCHMOCTH OT HHCJia TOHeX, Ha XOTOpBIX 
ohh odpaipaioTca b hojib (cm. Tadjinpy [[]). 

B 3axjnoHHTejiBHOH HacTH padoTBi hhmh npepcTaBjieH cmicox TeopeTHHecxnx BonpocoB, xacaio- 
ipHXCH 3apaHH nOCTpoeHHH MIIHHMajIBHBIX (JiyHRpHH H CMeJXHBIX BOnpOCOB, OTBeTBI Ha XOTOpBie 

npeflCTaBJIHIOTCH aBTOpaM HHTepeCHBIMH H BaXCHBIMH. 


3. TepMHHOJiorna h o6o3HaHeHH5i 

IlpepnojiaraeTCJi, hto HHTaTejiB 3HaxoM c ochobhbimii hohhthhmh TeopHH ph3t>iohxthbhbix HopMajib- 
HBIX (JlOpM H TeopHH BepOHTHOCTH. OcHOBHyiO HaCTB HeonpepejieHHBIX 3peCB nOHHTHH, OTHOCHipneCH X 
TeopHH nOCTpoeHIIH PH3T.IOHXTHBHBIX HOpMajIBHBIX cjlOpM, OnpepejieHBI B padoTe f!5IdjIOHCXHH 2010]) ■ 

3aflana MHHHMH3apHH CJIOJXHOCTH PH3T.IOHXTHBHOH HOpMajIBHOH (JlOpMBI dyjieBOH cjiyHXpHH, 3a- 
paHHOH B XOHT.IOHXTHBHOH HOpMajIBHOH cjlOpMe (KHO) ypaBHeHHeM [TJ COCTOHT B TOM, HTO dbl 3anH- 
caTB yxa3aHHyio ({mixpHTO b ph3'biohxthbhoh HopMajiBHoii cjiopMe (/JHO) c HcnojiB30BaHHeM xax 
mojxho MeHBinero HHCJia jiorHHecxHx npoH3Be^;eHHH (xoht.iohxh;hh), a Tax>xe chmbojiob nepeMeH- 
HBIX H HX OTpnpaHHH (jIHTepajIOB). AUHOU ^,HO Ha3BIBaeTCH HHCJIO BXO^HipHX B Hee XOHHIOHXpHH, 
pamoM yJ,Hd> nasBTBaeTcx hhcjio HcnojiB30BaHHBix b ee sarmcH jiHTepajioB. 

^J,H3 r BK)HXTHBHaH HOpMajIBHaH (J)OpMa MHHHMajIbHOrO paHra Ha3BIBaeTCH MUHUMajlbHOU, a MH- 
HHMajIbHOH flJIHHbl — KpamuaUUieU. C TOHXH 3peHH3 nOCTpoeHHH OnTHMajIBHBIX nOXpBITHH, AHO 
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MHHHMajibHoro pjihhbi cooTBeTCTByeT noKpBiTue Hcnojib3yioiri;ee MHHHMajibHoe hhcjio rpaHefl; /{HO 
MHHiiMajibHoro paHra cooTBeTCTByeT MiiHiiMajiBHoe Bee coBoxynHoera rpaHefi, rpe b xanecTBe Beca 
rpaHH BBicTynaeT pa3HocTB Mejxpy pa3MepHocTBio c^)\ 7 ttktimm h pa3MepHocTBio rpaHH. 

JlnTepajioM dypeM Ha3BiBaTB dyjieBy nepeMeHHyio hjih ee OTpHpamie. JlHTepaji Xi dyjieBOH cjiyHx- 
h;hh f(x i,X 2 , accopHHpyeM co ctojiGpom MA MaTpnpBi Hyjieii cjiyHxpHH /; jiHTepaji Xi acco- 

pHHpyeM c noKoop^HHaTHBiM oTpupamieM erojidpa MT, 1 ^ i ^ n. /{ajiee nop TepMHHOM jinrepaji 
x/' 1 dypeT Haero noppa3yMeBaTBCH accopniipoBaHHBiH c hhm dyjieB BexTop. 

0do3HanHM nepe3 Kjiacc dyjieBBix foyHX H HH ot n nepeMeHHBix, HMeioipHX pobho k HyjieBBix 
TOHeX. 

06o3HaHHM nepe3 logx HaTypajiBHBiH ajiropiiTM micjia x, log^ x = logx, log ( - fc+1 ^ x = log^ x 
npn Bcex k ^ 1; acHMnTOTHnecxHe HOTapHH 0(.),o(.) au(.) Bcerpa, xpoMe cnepnajiBHo oroBopeHHBix 
cjiynaeB, npHMeHsnoTCH npn n oo. BbipaxceHHH / -C g h / g npiiMemieMBie b HepaBeHCTBax h 
4)OpMyjIHpOBKaX yTBepJK^eHHH, paBHOCHJIBHBI paBeHCTBaM / = o(g) H f — Oj(g) COOTBeTCTBeHHO. 

Mampuyeu Hyjieu Mf cjiyHxpHH / Ha30BeM dyjieBy MaTpnpy, no CTpoxaM KOTopon pacnojioxceHBi 
Hyjni c^yHK TT nn /. 06o3HannM [k] = {1,2,..., A;}; nopMaTpHpy MaTpnpBi M o6pa30BaHHyio 

nepeceneHneM cTpox i\, i 2 , ..., it co crojidpaMH ji, j 2 , • ■ -j r ■ 

CxaxceM, hto pjia nonmu ecex 6yjieeux fiynKyuu KAacca PA ^ eunojineno ceoucmeo A, ecjin 
pojia cjiyHxpHH pjiH xoTopnix oho He cnpaBpjiHBO CTpeMHTBCH k 0, npn n —> oo. 

IIojIOJKHM B k — MHOJKeCTBO BCeX dyjieBBIX BeKTOpOB pa3MepHOCTH k', B [ l H Bj. MHOJKeCTBO 
dyjieBBix BeKTopoB, nepBan xccpgHHaTa xotopbix paBHa 0 hjih 1 COOTBeTCTBeHHO; nop BexTopoM x 
dypeM noHHMaTB noxooppHHaTHoe oTpnpaHHe BexTopa x € P*,; MHHHMyM H3 micjia epiimip h micjia 
Hyjiefi x Ha30BeM eecoM BexTopa x,x G B k - 


4. X43BecTHbie pe3yjibTaTbi 


IlepBBie 3 (|)(|)(!k r r itb111jT e ajiropHTMBi noc r rpoenH>T /{HO dyjieBBix (Jjvhxhhh c orpaHHneHHMM hhcjiom 
Hyjiefi 6 bijih npepjioxceHBi b padoTax ( yKvpaBjicB and KoraH 1985 >KypaB.ncB and KoraH 1986 ). 
IIpepjIOJXeHHBIH HM MeTOp n03B0JineT CTpOHTB PJIH nOHTH Bcex (JiyHXpHH H3 Xjiacca PJ! PH3H.IOHX- 

THBHBie HOpMajIbHbie cjlOpMBI HHCJIO XOH'BIOHXpHH XOTOpBIX, He npeBOCXOpHT O 


fe(l + »(!)))• 


Yxa3aHHBie openxn bo MHornx cjiynanx ocxaioTOT pexoppHBiMH b cMBicjie nopnpxa pocTa (jmixpHH. 

A. K). KoraHOM b padoTe f KoraH 1987 .1 6 bijih npepjio>xeHBi cnocodw nojiyneHHH hhjxhiix opeHox 
cjiojxhocth ocHOBaHHBie Ha cnepnajiBHOH pejiaxcapHH hcxophoh sapann x 3apane jiHHeilHoro npo- 
rpaMMnpoBaHHH. KjnoneBan pjih nocjiepyroipHx paccy>xpeHHH npen 6buia npepcTaBjieHa AT. ^{bhxo- 
hobbim b padoTe ( Jbhxohob 200T). CyTB ee coctoht b hbhom nocTpoeHHH cncTeMBi Tonex, noxpniTHe 
xoTopnix TpypHo b xjiacce /{HO. 

O cHOBBiBasicb b pejioM Ha MeTope AT. /{BHxoHOBa b pape nocjiepyioipHx padoT dnuiH nojiyne- 
HBI OpeHXH PJIH CJIOJXHOCTH dyjieBBIX (jiyHXpHH B Xjiacce /{HO, HBJISHOipHXCSI B HaCTOHipiIH MOMeHT 
pexoppHBiMH (IMaxcHMOB 20121 iMaxcHMOB 20121 IMaxcHMOB 20131) . 

B odjiacTH aHajiH3a cjiojxhocth dyjieBBix f})yiTxiiHH otmcthm Taxixe pnp H3BecTHBix BepxHnx 
oiiciiox nojiyneHHBix b padoTax (|/{b>txohob 2002[ |Mubayi, Turan, and Zhao 2006[). 


OcHOBHBie H3BecTHBie openxn cjiojxhocth b nopxjiaccax npnBepeHBi b Tadjinpe [U 
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OpeiTxa 

Abtop 

KoMMeHTapnn 

0(nk ) 

(/Jbhxohob 2002), 

BepXHHH, npOH3BOJIbHaH c|)yiTKIIH>T 

(Mubayi, Turan, and Zhao 2006) 

Q ( nk \ 

V lo §2 n J 

(ZIvypaBjieB and KoraH 1985) 

BCpXITHH, nOHTH BCe (J)yHXpHH, k A 2 n/ ' 2 

(IMaxcHMOB 2012) 

Vt{n) 

(/Jbhxohob 2001) 

HHJKHHH, eCJIH eCTB H30JIHpOBaHHBIH HOJIB 

n ( nk A 

(KoraH 19871) 

BepxHaa, noHTH Bee (J^yHxpnn, k A 2 n/ ' 2 

^ logn log?i/c J 

O ( nk \ 

3Ta padoTa 

HHJKHHH, nOHTH BCe (J)yHXipiH, k ^ 2 n / 2 

\ log n+log k J 


Tadjinpa 1: OcHOBHBie H3BecTHBie oiieiTKPT cjiojkhoctii dyjieBBix (J)ynKniTTT. 


5. Hn^cHHe ou;eHKH cjicdkhocth 

HcnojiB3yeM cjie^yiomHe noHHTnn, onpe^ejieHHBie b padoTe f MaxcnMOB 2012 ): 

Onpe^,ejieHHe 1 Henyjieeou eenmop a G Bk na3oeeM pa3AootcuMUM no eenmopaM ai,ot2 , ...,cp 
ecAU eunoAHenu cAedymvyue paeencmea 


a = ai V o ;2 V ... V at, <a, >=<a, « 2 >= ••• =<a, at >= 0 , 

zde nod cumgoaom <a,/3> nonuMaemcA cnaAfipnoe npou3eedenue eenmopoe a u f3. 

Onpe^ejieHHe 2 HenyAeeou eenmop a G Bk na3oeeM opmosonaAbno pa3Aoatc umum, no eenmopaM 
a i, ...,cp ecAU eunoAnenu CAedytoiyue paeencmea 

f a = © Oi2 © ■■■ © Cp 

a = ai V «2 V ... V at 


Odo3HaHHM Ifc BeKTOp pa3MepHOCTH k, COCTOaipHH TOJIBKO H3 B JT TTHM TT . B CJiyHae a = Ifc B yCJIOBH- 
nx npe^nmyipero onpe,n,ejieHHH Ha30BeM BexTopa {«j}* =1 opmosonaAbHUM pa3AocHcenueM edunuyu. 
3aMeTHM, hto ecjiH BeKTop a pa3Jio:>xHM no BexTopaM {aj} ig /, to x( a ) > x( a i)B ^ I- 

KoHT-ioHxpHn K Ha3BiBaeTca UMnAunanmou (^yHxpnn f(x i, X 2 ,x n ), ecjin Nk Q Nj. HivnuiH- 
xaHTa K nashiBaeTcn npocTon, ecjin H3 K He mokot 6bitb BBinepxHyT hh o^hh jiHTepaji Tax, hto6bi 
nojiyneHHan xoHT>ioHxn;HH: dnuia HMnjinxaHTon f(x 1 , X 2 , ■■■, x n ). TepMHHBi npocman UMnAUKanma n 
necoKpamuMaA Kon&KmKyusi ynoTpedjiaioTCs b padoTe xax chhohhmbi. 

06o3HannM Zf — MHoncecTBo Hyjieii cj^yHxpnn /, a Nf — MHo>xecTBo ee e/pnnni,. Oripe^ejinM 
BexTopa {ef}f =1 paBeHCTBaMH e* +1 = y _1 (2*), 0 ^ i < k. 

IlycTB E(t) = {i : Mf = 1}, Z(t) = [k] \ E(t). Otmcthm, hto yjm npnBefleHHon c^yHxpnn 
Z(t) 7 ^ 0 n E(t) 7 ^ 0. Cjie^ya padoTe ( ^BgxoHOB 2001[ ), o6o3HannM Q(i,j) = ( 61 , 62 , ..., 9 n ) Tonxy 
dyneBa xy6a Taxyio, hto 6 r = M£ npn Bcex r G [n] \ {j} h 9 j — 1 — M?. 

,U,ajiee dyzjeM nojiaraTB, hto hhcjio e^HHnn; xaxynpro cTOJidpa MaTpnnpi Hyjiefl Bcaxon paccMaT- 
pnBaeMon flajiee c^yHxpnn He npeBocxo^HT nncjia Hyjien. Otmcthm, hto Bcaxan dyjieBa c|)yHxnyra 
mo>k('t 6bitb npHBe^eHa x TaxoMy bh/iv npeo6pa30BaHHHMH IHeHHOHa-IIoBapoBa. 


4 









































XOHT>TOHX TT HH K o6o3HaHHM rank + K HHCJIO nOJIOJKHTejIbHbIX JIHTepajIOB XOHXTOHX TT HH; 
rank - K hhcjio oTpupaTejiBHBix jiHTepajioB; 

rank K = rank + K + rank~ K. 


B pa6oTe ( ^bhxohob 2001) BBe^eHo cjieflyioipee onpe^ejieHne 


Onpe/jejiemie 3 Mnootcecmeo 

k n 

i= 1 j =1 

na3oeeM MH00K.ecm.60M oKOAony/ieeux mouen. 

OScoHaHHM yKa3aHHoe MHoxtecTBo 0 . I Icjiojxhm 


k 

e‘ = U U 

i=1 Mf = 1 


k 

e° = U U 

* =1 m{= 0 


A. T. /Jbhxohobbim b Tofi >xe pa6oTe (^bhxohob 2001) 6bijia yoKaaana 


JleMMa 1 /Jam ecex OAeMemriapHux KonvioHKyuu K E jj cok ps (jj COK Pf 
yuu f)u ecex i E [k] cnpaeedAueo 

n 


N K n{Jo(i,j) 

3 =1 


< 1 


coKpavyennan /J,HO cjoynn- 


CocednuMU Ha30BeM SyjieBBi BexTopa o^HHaxoBoii pa3MepHOCTii, HaxcypupHeca Ha paccTOSHHH 1 
b MeTpHKe XeMMHHra. PaccMOTpHM npoH3BojiBHyio npiiBe^eHHyio SyjieBy c^yHxpmo f(x i,... ,x n ), He 
HMeiomyio coce^HHx HyjieBBix toH ex; o6o3Ha T iHM Mf ee MaTpnpy Hyjiefi h 3acJ)HxcHpyeM ee npoH3- 
BOjiBHyro ,ZJH® D. 

CripaBe^jiHBBi ene/iyToniHe y t b e p>xye h hh , yoxa3ax e jtl> ctb a xoxopux nojiyHeHBi b pa6oTe 
(IMaxcHMOB 2012]) 


JleMMa 2 BudeAUM e D KonnioHKyuu, codepotcaiyue AumepaA x^ e KOAunecmee t mmyK. JIumepaA 
xjj exodum evye nan muhumpm e odny, omAuunym om eudeAennux, Kounmnnyun) v.3 D, ecAU npu 
ak>6om pa3pe3auuu Mampuyu Mf ua t uacmeu M \, M 2 ,..., M t cyvyecmeyem manan Mampuya Mj, 
umo 3 aa $yHKyuu <p 3 3adannou Mampuyeu Mj, hu odna U3 eudeAennux KonnmHKyuu ne onpedeAHem 
pa36uenue x a J. 

JleMMa 3 JIumepaA x a J exodum ne Menee ueM e t+1 Kon’dwnKyuK) naotcdou, /( HO cfiynKyuu f, ecAU 
npu ak>6om pa3pe3anuu Mampuyu Mf na t uacmeu Mi, M 2 , ...,M t , cyvyecmeyem manan Mampuya 
Mj, nmo 3 aa (fiynnyuu (fj, 3adannou Mampuyeu Mj, ne cyvyecmeyem nadopa AumepaAoe, odpa3ym- 
uyezo pa3duenue AumepaAa x 3 ‘. 


PaccMOTpHM oiieiTKPT cjiojxhocth (|)yiixnPTH xjiacc Pjl. JIanee nepe3 log o6o3HaHeH HaTypajiBHBifl 
jiorapHcJ)M. 
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TeopeMa 1 /(aa noumu ecex $yHKV i uu KAacca PJ? hu odna U3 ux du3VK>HKmueHUX HopMOMHUX 
$opM cocmoMpux moAbKo U3 npocmux UMnAUKcmm, ne codepcncum uMnAUKanm pama d, ecAU d ue 
Aeofcum ene unmepeaAa [log k + 0(loglog k + loglogn); log nk — f2(loglog nk)\. 

^OKaaaTejitCTBO. g;oKa3aTejiBCTBa TeopeMBi gpcTaTOHHO 3aMeTHTt>, hto /yia BeposTHOCTH p 

cyipecTBOBaHHH npocTOH HMnjiHKaHTBi paHra d b ([wtikhmh Kjiacca P]! cnpaBe/yiHBO 

[p ^ 2 d (™\ (l-2~ d ) k 

| p^ 2 d BJ {k/2 d ~ 1 ) d . 

IlepBoe H3 HepaBeHCTB chctcmbi cjiegyeT H3 openKii BepoaTHocTii gnu koh'biohkphh 6bitb hmhjih- 
KaHTOH (JwTTKTIITIT. BTOpoe HepaBeHCTBO OTBCHaeT 3a npOCTOTy HMnjIHKaHTBI. B HaCTHOCTH, HH npii 
ygajiemiH jno6oro jnrrepa H3 paccMaTpHBaeMon koht>tohk tt hh oHa He gojinma 6ojiee hbjihtbch hm- 
njIHKaHTOH cjiyHKpHH. 

IIpOCTBie BBIHHCJieHHH JiaTOT. HTO C BepOHTHOCTBIO CTpeMHIgeHCH K 1 BBinOJIHeHO 

p ^ log A: + 0(loglogn + log log k), 

H 

p ^ lognfc — f2(log log rife), 

hto 3aBepmaeT goKa3aTejiBCTBo. ■ 

TeopeMa 2 IJoumu ece fiynKyuu KAacca PJ? ne Moeym dumb peaAU3oeanu du3bmHKmueuHMu nop- 
MOAbHUMU fiopMaMU COCmOAXyUMU MeHbWe HeM 

J±.(l + OW'^A)) 

KOHbJOHKyUU 

/IoKa3aTejibCTBO. ,I[,oKa3aTejiBCTBo TeopeMBi b pejioM ocHOBaHo Ha jieMMe ?? h npegBigyrgeii oneiT- 
Ke. CorjiacHo jieMMe, gjia 3ag;aHOH koht.k)hkh,hh HaM HeoSxogHMo opemiTB hhcjio ctpok MaTpHnpi 
Hyjiefi cJ)\tikhhm. b kotopbix nogcTpoKH eooTBecTByioiTHie koht.iohkh;hh, OTjiHHaiOTCH ot ee cnrHaTy- 
pBi He 6ojiee HeM Ha 1. B HameM cjiynae oto SygeT cjiynaHHan BejiHHHHa ygoBjieTBopniorgaH: ycjioBHio 
orpaHHHeHHBix pa3HocTe0 h HMeiorgee MaTeMaTHHecKoe oncHggHHe He npeBocxoggrgee paHra paccMaT- 
pHBaeMOH koht.k)hkh,hh. CorjiacHo npegBigyigeii TeopeMe b coneTaHHH c HepaBeHCTBO m MaiyZlgiap- 
MHg;a nojiynaeM ogeHKy Ha hhcjio koht.iohkh;hh Nk b BHg;e 

hto 3aBepmaeT g;oKa3aTejiBCTBo TeopeMBi. ■ 

TeopeMa 3 IJpu log n k = o{n ) e KAacce (fiyHKyuu PJ! cyipecmeyem (fiyHKyuA, MunuMaAbnan /dHO 
peaAusayuA Komopou codepxtcum ne Menee Nk koh'5k>hkv ) uu ! zde 3 aa Nk eunoAHeno 

/Jo Ka3aTe j i b c tb o . YKa3aHHyio oiieiTKy mojkho nojiyHHTB oiieniiB cjiojkhoctb noKpBiTHH oKOJioHy- 
jieBBix ToneK (JiyHKpHH iipHHHMaiomeH HyjieBBie 3HaHeHHH Ha og;HOM H3 cjioeB SyjieBa Ky6a. ■ 
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6. IIojiy-34)4)eKT IUeHHOHa h OTKpbiTbie Bonpocbi 


KjHOHeBBIM OTKpt.ITt.IM BOIipOCOM B oGjiaCTH CJIOJKHOCTH SyjieBBIX (JiyHKpHH HBJIHeTCH yCTaHOBJieHHe 
TOHHBIX H aCHMnTOTHHeCKH TOHHBIX rpaiTHTI Ha n()B(ipeiIHe c})\TTKIIHH Tex HJIH HHBIX KJiaCCOB. 

3c|x}teKTOM IUeHHOHa coctoht b tom, hto cjioikhoctb peajiH3an;HH HanSojiee “TpypHofi” SyjieBOH 
(J)yHKpHH b sapannoM Kjiacce coBnapaeT b acHMnTOTHKe co cjiohchoctbio peajiH3aii;HH noHTH Bcex 
(J)yHKpHH Kjiacca. B nacTHocTti, yKaxaimaa cHTyapua HMeeT MecTo npn HccjiepoBaHHH cjiohchoctii 
peajiH3au;HH SyjieBbix c|tyHKiptit cxeMaMH 6e3 orpaHHneHHH. 

IIojiv-3(|)(J)eKT IIIeHHOHa HMeeT MecTo b cjiynae, Korpa cjiojkhoctb peajiH3aii;HH noHTH Bcex 6 y- 
JieBBIX (JjyHKpHH HMeeT OpHH H TOT >K(> nopapOK, HO BOoGipe TOBOpH OTJIHHaeTCH OT CJIOJKHOCTH 
peajiH3au,HH HanSojiee TpypHofi cjjtyHKpHH. Tanaa CHTyapua HMeeT MecTo ripit HccjiepoBaHHH cjiohc- 
HOCTH peajIH3an,HH (JiyHKpHH PH3T.IOHKTHBHBIMH HOpMajIt.Ht.IMH (J)OpMaMH. KaK HeCJIOJKHO, 3aMeTHTB 
3KCTpeMajIBHBie OpeHKH CJIOHCHOCTH pOCTHTaiOTCa Ha JIHHeHHOH (J)yHKH,HH, pjia peajIH3aiI,HH KOTOpOH 
TpeSyeTca 2 n_1 . B toxkc BpeMa BapHapHOHHbiii npiiniiHn ycTaHaBjiHBaeT (fiaKT, cocToaipiiii b tom, hto 


noHTH Bee SyjieBBi c|)yHKiptH HMeioT opHH nopapoK npn peajiH3an;HH b /JHO ( HnrMaTyjijiHH 1967 ). 
OpHaKO, Bonpoc KaKOBa 3Ta CJIOJKHOCTB OCTaeTCH HeBBiaCHeHHBIM pO CHX nop. 

OTMeTHM B 3TOM HanpaBJieHHH pap pa6oT, KOTOpBie n03B0JIHJIH pOCTaTOHHO TOHHO ero OpeHHTt. 

firjiarojieB 19641 |KopmyHOB 1983[ |Pippenger 2003|). 


B Kjiacce SyjieBbix (JiyHKpHH c orpaHHneHHbiM hhcjiom Hyjieft nojiy-actxJieKT (h 3(]x]teKT) IUeHHo- 
Ha peajiH3yeTCH ripn HHCJie Hyjien He npeBocxopaipHM log 2 n<^(n), pjia HeKOTopon nojioacHTejibHOH 
(JjyHKpHH <p(n) — y +oo, npn n — > oo. 

H3 paSoTBi flMaxcHMOB 2012]) cjiepyeT oTcyTCTBHe -xjxjK-'KTa IUeHHOHa b oKpecTHocTH nncjia Hy- 
jiefi k = logn, ecjiH b KanecTBe Mept.i cjiojkhocth paccMaTpHBaTB hhcjio jiHTepajioB BxopaipHx b 
UI PI 1 - Ilpn stom b opHTHHajiBHOH paGoTe paccMaTptiBajicH, BooCmje roBopa 6ojiee y3KHH nopKjiacc, 
neM P £. OpnaKo pe3yjiBTaTBi 6e3 Tpypa nepeHocaTbca Ha 6ojiee o6ih;hh cjiynan. 

B paccMaTpHBaeMBix Kjiaccax PJk npn pocTaTOHHo 6 ojibihom k scJxJieKTa IUeHHOHa HeT. OpnaKo 
pe3yjiBTaTBi stoh paGoTbi (JiaKTHnecKH ycTaHaBjiHBaioT, hto nopapoK pocTa noHTH Bcex (JmTKiiHH 
opHH, c tohhoctbk) po KOHCTaHTBi. TeM He MeHee Bonpoc o nojiy-scJjcJjeKTe ocTaeTca otkpbitbim. 

TaKHM o6pa3QM, aBTopaM bh ji htch nepeHeceHHe h pen BapnapHOHHoro npHHipina HnrMaTyjijiHHa 


( HHTMaTyjuiHH 1967 ) Ha aHajiH3a KOHpeHTpapiin b Kjiaccax Pj' ohttoh H3 ochobhbix otkpbitbix 'japan 
B 3TOH oSjiaCTH. 


7. 3aKJiioueHHe 

B pa6oTe iiojiyneHBi iioBi.ie iih>kiih(' opeiiKH Ha cjiojkhoctb pH3i .ioi i kthbitbix HopMajiBHBix cjxtpM 
GyjieBBix cJ)yHKH,HH, oGpaiparoipHxca b hojib Ha oTHocHTejiBHo iieGoni.moM miio/KJ'ctbo H3 k ToneK. 

^jih cjiynaa nncjia ToneK k orpaHHneHHoro hojihhomom ot pa3MepHOCTH npocTpaHCTBa bxophbix 
nepeMeHHBix, nojiyneH tohhbih nopapoK pocTa cjiojkhocth (nncjia koht.iohkh;hh, nncjia jnrrepajioB) 
UIBI 1 SyjieBBix (JiyHKpHH. 

B 3aKjnoHHTejiBHOH HacTH paGoTBi nocTaBjieH pap otkpbitbix BonpocoB, KacaioipHxca peajiH3aii,HH 
SyjieBBix ({lyiTKiiHii b Kjiacce UIBlJ. b nacTHocTH Bonpoc o cyipecTBOBaHHH noay-3cJ)(J)eKTa IUeHHOHa 
b nopKjiaccax SyjieBBix (JiyHKpHH c MajibiM hhcjiom Hyjiefi. 
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